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INTRODUCTION 
Ultrasonic inspection plays an important role in numerous industrial fields. 
One of the prominent tasks is the determination of location, shape, size and 
orientation of defects. In isotropic materials, the location of reflectors can be inferred 
from time-of-flight measurements, angle of insonification and transducer position. In 
anisotropic media, however, such a procedure is aggrevated by several phenomena, 
which are the direction dependence of the ultrasonic velocities, the beam skewing 
effect and the modified radiation characteristics of flaws with respect to wave 
scattering. In this contribution, analytical relationships are presented for the 
scattering of ultrasound at defects in such media. Based on the mathematical 
formulation of Huygens' principle, these relationships are obtained for traction-free 
scatterers using Kirchhoff's approximation. Asymptotic evaluation yields explicit 
expressions, which are further incorporated in the Generalized Point Source Synthesis 
method. Numerical results are obtained for rectangular and circular reflectors, 
selected to compare with notches and flat-bottomed holes, respectively. Evaluation is 
performed in view of the radiation characteristics of these defects, considering (quasi-) 
longitudinal wave scattering in orthotropic composite material. Also, the elaborated 
relationships have been applied to calculate echo dynamic curves in dependence of 
transducer position for pulse-echo technique. Good comparison with experimental 
results has been obtained for transversely isotropic weld inaterial. 
BASIC WAVE RELATIONSHIPS 
The plane wave solutions for a general anisotropic medium are obtained from 
the equation of motion for the displacement vector!!. Assuming time dependence 
'" e-jwt _ w denoting the circular frequency - the solutions are in the form 
(1) 
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where K is the propagation direction and .11 determines the spatial coordinates. In 
principle, the polarization vectors Ya and the wave numbers 1(, are the main wave 
characteristics. These are complemented by the velocity of energy transport (group 
velocity) ~ which is of considerable importance for anisotropic wave propagation. 
Since for (strongly) anisotropic media the identification of waves according to specific 
dominant polarizations is meaningless, the three wave modes a are designated 
according to their polarizations when propagated in certain symmetry directions. 
Thus, there are two quasi-shear waves and one quasi-pressure wave. For the general 
anisotropic medium under concern the notation a=qS1, qS2 or qP will be used. 
FORMULATION OF THE SCATTERED DISPLACEMENT FIELD 
Assuming isolated defects, which are - at least in one dimension - smaller than 
the width of the insonified wave field, the displacement vector of the scattered field is 
formulated. The approach is based on an integral representation that describes the 
scattering of ultrasound by the surface of the flaw. 
Displacement Vector of the Scattered Wave Field: Basic Formulation 
For an elastic wave hitting a traction-free scatterer (flaw), the displacement 
vector of the resulting scattered elastic field is given by [1] 
(2) 
where il is the unit vector perpendicular to the scatterer's surface S, ~ is Green's 
triadic function and .ll(R', w) is the total displacement field on S. In the following, the 
latter quantities are determined. 
Derivation of Green's Triadic Function in Suitable Form 
For a general anisotropic medium - characterized by density {! and the elastic 
stiffness tensor Q -, Green's dyadic function Q. is defined by the differential equation [1] 
- -
(V· Q. V)· Q.(R,w) + gw2 Q.(R,w) = - 18(.11) , 
- - - -
(3) 
Green's triadic function ~ follows from ,Q, according to 
~(R,w) = ~: V,Q,(R,w). (4) 
Here 8 is Dirac's delta function, ! is the dyadic idemfactor and V is the gradient 
vector. Green's tensor functions are made up by three terms, each one generating the 
different patterns of wave propagation related to the quasi-pressure and quasi-shear 
waves inherent to anisotropic materials. 
Using a far-field approximation, each part of Green's dyad can be explicitly 
expressed according to [2] 
f 1 (A A) (A A ) &,ar(R,w) = 1/2 (A A) (AT A ) !!a K{R) !!a K{R) 
gK" K(R) c" 1.(.11) 
S8 
(5) 
Here, KOI is the Gaussian curvature of the slowness surface, COl is the modulus of group 
velocity. Both quantities - as well as the polarizations Ya - are functions of the wave 
propagation direction K that produces an energy contribution along the spatial 
direction R. The K(R)-relationship has in general to be evaluated numerically. To 
make the following evaluation easier to pursue, only the functional dependence of 
Green's dyad according to 
will be considered. 
Using the definition of the stress tensor 
and retaining only terms of order (11 R), Eqs. (4) and (6) provide Green's triadic 
function according to 
where L designates the part of the stress tensor due to wave mode Q. Finally, by 
applying the simple relationship K,,(R) . R = wRI Co: 1, it follows that 
where t., = n' L has. been introduced. 
Displacement Vector of the Scattered Field by Kirchhoff's Approximation 
(6) 
(7) 
(8) 
(9) 
With these results, nse can be determined from Eq. (2) using Kirchhoff's 
approximation, which assnmes that each point on the scatterer's surface behaves like 
a point on an infinitely long reflecting plane. Accordingly, the displacement on S is 
given by 
where the wave mode incident onto the scatterer is designated by I, Ro is the source 
location of the incident wave and R/" are the respective (plane wave) reflection 
coefficients. Thus, from Eq. (2) - using Eq. (9) -, the scattered Q-wave field results as 
(11 ) 
lSince Ko . ~ = wand.R ==~, it is Ko· R = Ko . faR/cOl = wR/c". 
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wh~ the spatial dependences - which are those given above with R to be replaced by 
(R - R') - have partially been omitted for the sake of simplicity. In this 
representation, the usual elementary wave term appears, supplied with the 
corresponding polarization vector and additionally multiplied with the scalar product 
of the displacement vector !!s(R', w) on the scatterer's surface and the vector ie,. Since 
isotropy is a special case of anisotropy, the equation derived for the scattered 
displacement field is also valid in this case. By explicit consideration of the 
corresponding isotropic relationships, Eq. (11) can be brought into the same form as 
the one given e.g. by Ogilvy [3]. 
EVALUATION VIA GENERALIZED POINT SOURCE SYNTHESIS (GPSS) 
The above equation is well suited for evaluation using the GPSS modeling 
technique, which has been introduced previously to model generation, propagation 
and scattering of ultrasonic waves in isotropic and anisotropic media [4,5]. Equation 
(11) has the same structure as the basic equation which is evaluated by GPSS in the 
absence of a scatterer. This is in fact the reason for calling this method 'generalized': 
propagation and scattering can be handled in the same manner with the point source 
directivities to be chosen correspondingly. Thus, the displacement vector describing 
the a-wave field under concern is given by 
(12) 
where R! = (R - Rm), R~ is the corresponding unit vector and Rm designates the 
position of the m-th tangential (i == x, y) or normal (i == z) point source, which is 
located either on the material's surface or on the surface of the scatterer. In the latter 
case, the respective directivities are those given in Eq. (11), while for the first case, 
the determination of the directivities has been described in Ref. [4]. 
NUMERICAL EVALUATION AND EXPERIMENTAL VERIFICATION 
The radiation characteristics of flaws in anisotropic media exhibit considerable 
differences as compared to those for isotropic materials. Exemplarily, Fig. 1 shows 
these radiation patterns for z-directed point sources located on a stress-free scatterer. 
The polar plots have been calculated for an orthotropic (layered) composite material 
using the results given in Ref. 6. While the patterns are similar to the isotropic ones 
in the case where the scatterer is parallel to a symmetry plane (left in Fig. 1), 
considerable differences are present when the scatterer shows arbitrary alignment with 
respect to the symmetry axes of the medium (right in Fig. 1). The striking features 
are the antisymmetry in the patterns as well as the fact that in general all three wave 
modes are excited (in isotropic media the P and SV mode are decoupled from the SH 
mode). 
Experiments have been performed on austenitic weld material specimens with 
grain orientation parallel or perpendicular with respect to the surface, thus exhibiting 
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Figure 1. Point source directivity patterns for stress-free scatterers in an orthotropic 
composite material. As explained in Ref. 7, the orientation of the composite is charac-
terized by the angles 0' and K,. Similar results are obtained for x- and y-directed point 
sources. 
transversely isotropic material symmetry. Each of the specimens has been supplied 
with a 5 mm flat-bottomed hole and a notch of 5 mm width. The experiments have 
been performed using piezoelectric normal- transducers of different frequency and 
diameter (2.25 MHz/12.7 mm and 5.0 MHz/6.3 mm), both generating (quasi-) 
longitudinal waves. Using the ScanMaster ultrasonic inspection system, C-scanning 
results have been documented in form of echo dynamic curves. The results for both 
the 2.25 MHz and 5.0 MHz experiment are shown in Fig. 2 in comparison with the 
respective GPSS-evaluations. The experimental and theoretical curves agree very well 
for the flat-bottomed holes, while for the notches there is some deviation. However, 
from the experimental C-scan images it can be seen that there is some inhomogeneity 
present in the energy plots obtained from the notches. This is due to the 
microstructure of the weld specimens which beaTs some inhomogeneity although an 
optimized procedure has been applied in manufacturing these specimens. Exemplarily, 
Fig. 3 shows the C-scan result for the specimen with grains oriented parallel to the 
surface. Taking these aspects into acount, the theoretical results show good agreement 
with the experiments. 
To show the effect of grain orientation on the propagation and scattering of 
ultrasonic waves, GPSS-calculations have been performed for grain orientations at 0°, 
30°, 60° and 90° to the specimen surface. In these calculations, insonification with the 
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Figure 2. Comparison between theoretical and experimental echo dynamic curves. 
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Figure 3. C-scan image for the weld specimen with grains parallel to the surface. The 
inhomogeneous energy pattern obtained especially from the notch-reflection indicates 
the microstructural inhomogeneity of the specimen. 
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Figure 4. GPSS-simulated echo dynamic curves for weld specimens with different grain 
alignment . 
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2.25 MHz-6.3 mm-transducer was simulated. From the results - displayed in Fig. 4 - it 
can be seen that both the maximum amplitude and its position change. The largest 
amplitude occurs in the case of 30°-grain orientation. 
CONCLUSION 
The theoretical evaluation of ultrasonic scattering by defects in general 
anisotropic media has been addressed. Using Kirchhoff's approximation and a (point 
source) far-field approximation of Green's tensor functions, an analytical 
representation for the scattered displacement field has been obtained which is 
well-suited for evaluation using the GPSS-method. Since the application regime of 
Kirchhoff's approximation is confined to the region of specular reflection, other 
methods have to be applied to account for the tip reflection. Geometrical Theory of 
Diffraction seems to be suitable [7], work concerning a respective inclusion into the 
presented theory is underway. 
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